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Bent functions
Definition
Let A, B be (abelian) groups, f a function from A to B. Then f is
called a bent function if

1> x(x, () = VA

x€A

for every character x of A x B which is nontrivial on B.

R ={(x,f(x)) : x € A} is a (|A|,|B],|Al,|A|/|B]) relative
difference set in A x B, relative to B.



Bent functions
Definition
Let A, B be (abelian) groups, f a function from A to B. Then f is
called a bent function if

1> X FO)) = VIA
XEA

for every character x of A x B which is nontrivial on B.

R ={(x,f(x)) : x € A} is a (|A|,|B],|Al,|A|/|B]) relative
difference set in A x B, relative to B.

Examples:

Boolean bent function, p-ary bent function, f : Fj — Fp,.

We(u) = | S g7 = p2,

x€Fy

for all u € Fp. (ep = e?mi/P, e = —1)



Bent functions

Vectorial bent function f : IE‘,’; — IE‘g’.

Wela.b) =1 32 "7 = p2,

XE]F"

for all nonzero a € F' and b € F;. The component functions
{a-f(x) : a# 0} form a linear space of p-ary (Boolean) bent
functions of dimension m.



Bent functions

Vectorial bent function f : IE‘,’; — M.

Wela,b)| = 3 ™07 = p"/2
x€Fp

for all nonzero a € F' and b € F;. The component functions

{a-f(x) : a# 0} form a linear space of p-ary (Boolean) bent
functions of dimension m.

fiF) = Zox  (f:Fp — Zy)

1k, u) Z Ca f(x) )X G = e27ri/2"7

x€F3

has absolute value 2"/2 for all u € Fj and all nonzero o € Zy.



Generalized Bent Functions

Definition
K.U. Schmidt (2009) A function f : F§ — Z« is called a
generalized bent function (gbent function) if

Z Cf(x

x€Fj

has absolute value 2"/2 for all u € Fj.



Generalized Bent Functions

Definition
K.U. Schmidt (2009) A function f : F§ — Z« is called a
generalized bent function (gbent function) if

Z Cf(x

x€Fj

has absolute value 2"/2 for all u € Fj.

Note: ’erFg x(x, f(x))| = 2"/2 is required only for the characters

of order 271, In general NOT a relative difference set (bent
function).



Generalized Bent Functions

Definition
K.U. Schmidt (2009) A function f : F§ — Z« is called a
generalized bent function (gbent function) if

Z Cf(x

x€Fj
has absolute value 2"/2 for all u € Fj.

Note: ’erFg x(x, f(x))| = 2"/2 is required only for the characters
of order 271, In general NOT a relative difference set (bent
function).
Questions:

» Does this definition give anything interesting?
Not accepted: Cheating function: f : F§ — Z, f(x) = 2k71a(x),
where a: V5 — [F> is bent.
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Generalized Bent Functions, n even

Theorem (Hodzic, M.,Pasalic)

Let n be even. A gbent function
f(x) = ao(x) + 2a1(x) + - - - + 2K72a,_5(x) + 28K La,_1(x)
from FY to Zy« is a (k — 1)-dimensional affine space
A=a,_1®(ag,...,ak—2)

of bent functions such that for hg, hy, ho, h3 € A with
ho ® h1 ® ha @© h3 = 0 we have h} ® hi @ h3 @ hi = 0.
(Recall, g : 5 — Fa bent = Wr(b) = 27/2(—1)¢"®).

The "dual” g* is also bent.)
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Generalized Bent Functions, n even

Theorem (Hodzic, M.,Pasalic)

Let n be even. A gbent function
f(x) = ao(x) + 2a1(x) + - - - + 2K72a,_5(x) + 28K La,_1(x)
from FY to Zy« is a (k — 1)-dimensional affine space
A=a,_1®(ag,...,ak—2)

of bent functions such that for hg, h1, ho, hz3 € A with
ho ® h1 @ ho @ h3 =0 we have hi @ h] © h5 © h; = 0.
(Recall, g : 5 — Fa bent = Wr(b) = 27/2(—1)¢"®).

The "dual” g* is also bent.)

Generalization to odd p. Mesnager, et al.

Important: A gbent function always has to be seen together with
its dimension.



Gbent function and its dimension

Cheating function: f(x) = 2K"1a,_;(x) satisfies |H(u)| = 2"/? if
ak_1 is a bent function. Value set: {0,271} = F,; dim(£) =0



Gbent function and its dimension

Cheating function: f(x) = 2K"1a,_;(x) satisfies |H(u)| = 2"/? if
ak_1 is a bent function. Value set: {0,271} = F,; dim(£) =0

More general: If
F(x) = bo(x) + 2b1(x) + - + 2" 2by_a(x) + 2" br_1(x)
satisfies |HF(u)| = 2"/2 and

A=br_1®(by,...,br—2) =ax_1® (ap,...,ak_2),
with linearly independent ag, ..., ax_», then

f(x) = ap(x) + 2a1(x) + - - - + 2K 2a,_5(x) + 2K La,_1(x)

is a gbent function from FJ to Zy«. Its dimension is k — 1.



Questions

» How can | find meaningful examples.



Questions

» How can | find meaningful examples.

» What about the other characters?
How many character sums can have the “correct” value
without that we must have a bent function.
How close can | be at a bent function from character values
point of view, without being bent?



Spread Bent Functions

f:V,— B, V,=F], neven, |B| = p*, k< nj2. (B= Z/I;,Zpk)
Let Up, Ui, ..., Upm be the elements of a spread of V,,, n =2m.
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f:V,— B, V,=F], neven, B = pk, k<n/2. (B= Z;;,Zpk)
Let Up, Ui, ..., Upm be the elements of a spread of V,,, n =2m.
Partition of V,

Define a function f : V, — B by
» f(x) =0 for x € Up.
» f is constant on the nonzero elements of U;, 1 < i < p™, such
that:
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Spread Bent Functions

f:V,— B, V,=F], neven, B = pk, k<n/2. (B= Z/I;,Zpk)
Let Up, Ui, ..., Upm be the elements of a spread of V,,, n =2m.
Partition of V,

Define a function f : V, — B by
» f(x) =0 for x € Up.
» f is constant on the nonzero elements of U;, 1 < i < p™, such
that: For every ¢ € B the nonzero elements of exactly p™~*
of the U;'a are mapped to c.

f is then a bent function from V, to B.
Here B = Z5 or B = Z .

Most interesting k = n/2: For every ¢ € B the nonzero elements
of exactly 1 of the U;'s, 1 < i < p™, are mapped to c.



Spread Bent Functions

Sketch of proof (B = Z ).

H(a,u) = Z S af(z vz Ez:(O)

i=0 zeU; \{O}
p" p"

— Qacj _u-z ac;
= 2D GieT D
i=0 zeU; i=1
p" p7
_ ac; u-z E : ac;

= € € — €
Z pk p pk
i=0 zeU; i=1

u eV, us#0, then u- z is trivial on exactly one spread element
Ui, ie. u-z=0forall ze U,.



Spread Bent Functions

Sketch of proof (B = Z,«). u # 0:

acj :
HE (o, u) = p™e o E €l

HE(,0) = p™ + ( —1)2

(fx)=cifxe U, 1<i<p™)



Spread Bent Functions

Sketch of proof (B = Z,«). u # 0:

acj :
HE (o, u) = P — E €l

HE(,0) = p™ + ( —1)2
(fx)=cifxe U, 1<i<p™)

P" 2% — () for all nonzero a € Zok.
I 1 pk 2



Spread Gbent Functions

We only need the weaker condition for o = 1,

m

P
Cj
e =0
2

i=1

C+2k—1

p = 2: Note €5, = —¢;,



Spread Gbent Functions

We only need the weaker condition for o = 1,

pm
E e;"k =0

i=1

k—1
p = 2: Note €5, = —632“2

Proposition
Gbent functions f : V,, — Zy« from spreads
(M., Martinsen, Stanica (DCC))
Spread Uy, Uy, ..., Usm of V,,, n =2m.
f:V,— Zok:

» f(x) =0 for x € Up.

» f is constant on the nonzero elements of U;, 1 < i < 2™, such
that:



Spread Gbent Functions

We only need the weaker condition for o = 1,

m

P
G
e =0
2

i=1

k—1
p = 2: Note €5, = —632“2

Proposition
Gbent functions f : V,, — Zy« from spreads
(M., Martinsen, Stanica (DCC))
Spread Uy, Uy, ..., Usm of V,,, n =2m.
f:V,— Zok:
» f(x) =0 for x € Up.
» f is constant on the nonzero elements of U;, 1 < i < 2™, such

that: The number of U; mapped to ¢ and to ¢ + 2571 is the
same for every 0 < ¢ <2Kk-1 1. (*¥)



Spread Gbent Functions, p odd

Analog: Gbent functions f : V,, — Z« from spreads, p odd.
Spread Up, Uy, ..., Upm of V,, £ F7, n=2m.
f:V,— Zpk:
» f(x) =0 for x € Up.
» f is constant on the nonzero elements of U;, 1 < i < p™, such
that: The number of U; mapped to
c,ct+ptc+2pkt e+ (p—1)pk Tt is the same for
every 0 < ¢ < pF=1 —1.



Designing gbent functions with prescribed character values

Objective: Prescribe o for which |HX(a, u)| = 27/2 for a
meaningful function f from V, = F] to the cyclic group Zyx. Take
k=m=n/2.
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Remark

|HEQ2tr, u)| = \Hk(2t u)| for all odd r. (Same order characters)
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Designing gbent functions with prescribed character values

Objective: Prescribe o for which |HX(a, u)| = 27/2 for a
meaningful function f from V, = F7 to the cyclic group Zo«. Take
k=m=n/2.

Remark

|HEQ2tr, u)| = \Hk(2t u)| for all odd r. (Same order characters)
HE(2!, u) = HEZH (L, u) (2 2 V) — Zowe).

Objective: Construct f : V, — Zo« such that for a given subset

T C{0,1,...k — 1} we have |HK(2t, u)| =22 if t € T and
|HEQ2t u)| £22ift ¢ T,

Equivalently: Construct f such that for 2tf : V,, — Zo«—: the
condition (**) is satisfied if and only if t € T.

We will use spreads.



Bent Vg — Z3»

o 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
211 1 1 1 1 1 1 1 1 1 1 1 1 1 1

J

#:

j: 16 17 18 19 20 21 22 23 24 25 26 27 28 29 30 31
# 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1



Bent Vig — Z3»

o 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
211 1 1 1 1 1 1 1 1 1 1 1 1 1 1

J

#:

Jj: 16 17 18 19 20 21 22 23 24 25 26 27 28 29 30 31
#: 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1

With this choice the distribution for 2f, 4f, 8f, 16f is as follows:

0 2 4 6 8 10 12 14 16 18 20 22 24 26 28 30
3 2 2 2 2

Jj:
7 - 2 2 2 2 2 2 2 2 2 2 2

0 4 8 12 16 20 24 28
4 4 4 4 4 4

ST
o1
ESN

0 8 16 24 j: 0 16
8 8 #: 17 16 °

F .
[le]
[e¢]



Vio = Zso, 2f not gbent

Jj: 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
#0022 1 0 1 1 0 1 1 0 1 2 1 1 2 1
Jj:
# -

16 17 18 19 20 21 22 23 24 25 26 27 28 29 30 31
12 1 o0 1 1 0 1 1 O0 1 2 1 1 2 1

With this choice the distribution for 2f, 4f, 8f, 16f is as follows:

j: 0 2 4 6 8 10 12 14 16 18 20 22 24 26 28 30
4.3 4 2 02 2 0 2 2 0 2 4 2 2 4 2
j: 0 4 8 12 16 20 24 28
#: 5 4 4 4 4 4 4 4
j: 0 8 16 24 j: 0 16
#: 9 8 8 8 #: 17 16

# Value set: 26



V1o = Zso, 2f, 8f not gbent

j: 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
#: 2 o0 2 2 1 o0 1 2 1 0 O0 2 1 0 1 2
J
#

16 17 18 19 20 21 22 23 24 25 26 27 28 29 30 31
1 0o 2 2 1 0 1 2 1 0 O 2 1 0 1 2

With this choice the distribution for 2f, 4f, 8f, 16f is as follows:

j: 0 2 4 6 8 10 12 14 16 18 20 22 24 26 28 30
#: 3 0 4 4 2 0 2 4 2 0 0 4 2 0 2 4

. 4 8 12 16 20 24 28
#: 5 0 4 8 4 0 4 8

o

8 16 24 Jj: 0 16
0 8 16 #: 17 16 °

H* <.
O

# Value set: 22



o 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
3 0 2 0 2 o0 2 0 2 0 2 o0 2 0 2 o0

Jj:

# -

j: 16 17 18 19 20 21 22 23 24 25 26 27 28 29 30 31
#:02 0 2 0 2 0o 2 0 2 0 2 0 2 0 2 0

With this choice the distribution for 2f, 4f, 8f, 16f is as follows:

j: 0 2 4 6 8 10 12 14 16 18 20 22 24 26 28 30
#: 5 0 4 0 4 0 4 0 4 0O 4 0 4 0 4 O
j: 0 4 8 12 16 20 24 28
#: 9 0 8 0 8 0 8 O

j: 0 8 16 24 j: 0 16
#: 17 0 16 0 #: 33 0



o 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
3 0 2 0 2 o0 2 0 2 0 2 o0 2 0 2 o0

Jj:

# -

j: 16 17 18 19 20 21 22 23 24 25 26 27 28 29 30 31
#:02 0 2 0 2 0o 2 0 2 0 2 0 2 0 2 0

With this choice the distribution for 2f, 4f, 8f, 16f is as follows:

10 12 14 16 18 20 22 24 26 28 30

J: 2 4 6 8
#: 0 4 0 4 0 4 O 4 0 4 0 4 0 4 O

0 4 8 12 16 20 24 28
9 08 0 8 0 8 0
j: 0 8 16 24 j: 0 16
#: 17 0 16 0 #: 33 0

Not a gbent function from Vig to Z3,, but a bent function from
V1o to Z16.



V19 — Zs3, only 16f not bent!

o 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
12 o0 2 o0 2 0 2 0 2 0 2 0 2 o0 2

J
#
Jj: 16 17 18 19 20 21 22 23 24 25 26 27 28 29 30 31
#: 0 2 0 2 0 2 0 2 0 2 0 2 0 2 o0 2

With this choice the distribution for 2f, 4f, 8f, 16f is as follows:

j: 0 2 4 6 8 10 12 14 16 18 20 22 24 26 28 30
#: 1 4 0 4 0 4 0 4 0 4 0 4 0 4 0 4
j: 0 4 8 12 16 20 24 28
#: 1 8 0 8 0 8 0 8
Jj: 0 8 16 24 J 0 16
#: 1 16 0 16 #: 1 32°

# Value set: 17



V19 — Zs3, only 16f not bent!

o 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
12 o0 2 o0 2 0 2 0 2 0 2 0 2 o0 2

J

#

Jj: 16 17 18 19 20 21 22 23 24 25 26 27 28 29 30 31
#: 0 2 0 2 0 2 0 2 0 2 0 2 0 2 o0 2

With this choice the distribution for 2f, 4f, 8f, 16f is as follows:

j: 0 2 4 6 8 10 12 14 16 18 20 22 24 26 28 30
#: 1 4 0 4 0 4 0 4 0 4 0 4 0 4 0 4
j: 0 4 8 12 16 20 24 28
#: 1 8 0 8 0 8 0 8

j: 0 8 16 24 j: 0 16
#: 1 16 0 16  #: 1 32°

# Value set: 17
H2(ov, u 2% only for a = 16.
f



f: FS — Zoyy, bent

o 1 2 3 4 5 6 7 8
2 1 1 1 1 1 1 1
9
1

10 11 12 13 14 15 16 17
11 1 1 1 1 1 1

18 19 20 21 22 23 24 25 26
11 1 1 1 1 1 1 1

With this choice the distribution for 3f, 9f is as follows:

FH~ FH~ F-

Jj: 0 3 6 9 12 15 18 21 24
#: 4 3 3 3 3 3 3 3 3
J 0 9 18



f : FS — Zy7, gbent, not bent

1 2 3 4 5 6 7 8
2 1 1 1 1 1 0 1

10 11 12 13 14 15 16 17
2 1 1 1 1 1 0 1

18 19 20 21 22 23 24 25 26
12 1 1 1 1 1 0 1

With this choice the distribution for 3f, 9f is as follows:

= O N O

F~ FF~ FH-

12 15 18 21 24

j: 0
#: 4 33 3 0 3

# Value set: 24



Gbent functions and their partitions

Gbent functions are “spread-like” functions:

Let f(x) = ao(x) +... +22a, 5(x) +25"1a,_1(x) be a gbent
function (then ax_; is bent). Define

P, ={x€e€Fy : f(x)—2kta_1(x) =z}, z€ Zyi.

Partition of F: P ={P, : z € Zok—1}.



Gbent functions and their partitions

Gbent functions are “spread-like” functions:

Let f(x) = ao(x) + ... + 223, o(x) +25"1a,_1(x) be a gbent
function (then a,_1 is bent). Define

P, ={x€e€Fy : f(x)—2kta_1(x) =z}, z€ Zyi.

Partition of F5: P ={P, : z € Zpk-1}.
Example (Spread)

j: 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
#: 2 o0 2 2 1 o0 1 2 1 0 O0 2 1 0 1 2
J
#

16 17 18 19 20 21 22 23 24 25 26 27 28 29 30 31
1 0o 2 2 1 0 1 2 1 0 O 2 1 0 1 2



Gbent functions and their partitions

Gbent functions are “spread-like” functions:
Let f(x) = ao(x) + ... + 223, o(x) +25"1a,_1(x) be a gbent
function (then a,_1 is bent). Define

P, ={x€e€Fy : f(x)—2kta_1(x) =z}, z€ Zyi.

Partition of F: P ={P, : z € Zok—1}.
Example (Spread)

j: 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
#: 2 o0 2 2 1 o0 1 2 1 0 O0 2 1 0 1 2
J
#

16 17 18 19 20 21 22 23 24 25 26 27 28 29 30 31
1 0o 2 2 1 0 1 2 1 0 O 2 1 0 1 2

Partition into 11 sets.



Gbent functions and their partitions

Theorem

(Mesnager et al. also for odd characteristic):

Let P be the partition for the gbent function

f(x) = ag(x) + ... 4+ 2k72a,_s(x) 4+ 2k 1a,_1(x). For every
function F : F5 — Zok-1 which is constant on the elements of P

the function
g(x) =2"a_1(x) + F(x)

satisfies |Hf(u)| = 27/2 for all u € F4.

j: 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
#: 2 o0 2 2 1 o0 1 2 1 0 O0 2 1 0 1 2
J
#

16 17 18 19 20 21 22 23 24 25 26 27 28 29 30 31
10 2 2 1 0 1 2 1 0 O 2 1 0 1 2



Gbent functions and their partitions

Theorem

(Mesnager et al. also for odd characteristic):

Let P be the partition for the gbent function

f(x) = ag(x) + ... 4+ 2k72a,_s(x) 4+ 2k 1a,_1(x). For every
function F : F5 — Zok-1 which is constant on the elements of P

the function
g(x) =2"a_1(x) + F(x)

satisfies |Hf(u)| = 27/2 for all u € F4.

j: 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
#: 2 o0 2 o0 1 2 1 2 1 0 0 2 1 0 1 2
J
#

16 17 18 19 20 21 22 23 24 25 26 27 28 29 30 31
1 0 2 o0 1 2 1 2 1 0 O 2 1 0 1 2



Gbent functions and their partitions

Theorem
(Mesnager et al. also for odd characteristic):
Let P be the partition for the gbent function
f(x) = ag(x) + ... 4+ 2k"2a,_5(x) 4+ 2k"1a,_1(x). For every
function F : F) — Zok—1 which is constant on the elements of P
the function

g(x) =2k ta_1(x) + F(x)

satisfies |HK(u)| = 272 for all u € 3.

j: 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
#: 2 o0 2 o0 3 0 1 2 1 0 O 2 1 0 1 2
J
#

16 17 18 19 20 21 22 23 24 25 26 27 28 29 30 31
1 o0 2 o0 3 0 1 2 1 0 O 2 1 o0 1 2



Gbent functions and their partitions

Theorem
(Mesnager et al. also for odd characteristic):
Let P be the partition for the gbent function
f(x) = ag(x) + ... 4+ 2k"2a,_5(x) 4+ 2k"1a,_1(x). For every
function F : F) — Zok—1 which is constant on the elements of P
the function

g(x) =2k ta_1(x) + F(x)

satisfies |HK(u)| = 272 for all u € 3.

j: 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
#: 2 o0 2 o0 3 0 1 2 1 0 O 2 1 0 1 2
J
#

16 17 18 19 20 21 22 23 24 25 26 27 28 29 30 31
1 o0 2 o0 3 0 1 2 1 0 O 2 1 o0 1 2

NOTE: A spread can do more!
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Questions

Is there something but (partial) spreads?

» Find gbent functions f : F; — Zy« which do not come from
(partial) spreads for k > 3.

» What is the largest k (depending on n?) for which there exists
a gbent function f : F) — Z,«x not coming from spreads?

» Find bent functions f : F§ — Z,« which do not come from
spreads for 3 < k < n/2.

» What is the largest k (depending on n?) for which there exists
a bent function f : 5 — Zy« not coming from spreads?

Is there a gbent function from Fj to Zo« for k > n/27?
> What is the largest k, for which there exists a gbent function
from [F5 to Zy?

All questions make also sense for functions from F} to Z .



